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NUMERICAL SOLUTIONS OF POLYNOMIAL EQUATIONS

ABSTRACT

This renort describes the FORTRAN Subroutine POLYR and a related

complete program BRL-RSR for finding all roots (real and complex) of a

real polynomial equation

~N

P(x) ? A.xN i  .

i=O

h method which is used combines the root squaring and the subresultant

(extracting quadratic factors) procedures for calculating all roots, e', n

multiple icot:, of real polynomials. Reconstruction of the coefficicnts

from the product

N
H (x - Root.),

which is included, serves as a means of checking.

The described subroutine and program were adapted from a similar

programr, in double precision described in Report ANL 698, Argonne

National Laboratory by Erwin H. Bareiss and Ronald Hmelink.
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ROOTS OF POLYNOMIALS

§Ubro -tine POLYR and BRL-RSSR Program

General Description. A FORTRAN subroutine and a related

complete program for finding all roots (real and complex) of a real

polynomial equation

N
N-i

P(x)=) Ay -6
i=O

are available for use on the BRLESC computer.

!Ict,. Thc rct zquiring and subresultant (extracting quadratic

factors) procedure "RSSR" for finding real, complex and repeated

roots of real polynomials and checking them by reconstructing the

coefficients from the product

N
tT (x-ROOT.i

i=l

is described in detail in

Report ANL 6987

Argonne National Laboratory

by Edwin H. Bareiss and Ronald Hamelink

Authors. The routine under the name RSSR was written in

FORTRAN by the above authors for the IBM-704 and CDC-3600

computers using double precision arithmetic. The modifications

and additions necessary to make it run on BRLESC in single

precision were performed by Henry Wisn:ewski of the Computing

Laboratory of BRL.

Modifications to the Subroutine POLYR. When compared with

the original FORTR I ANL subroutine (pp 49-73) the BRL subroutine

POLYR differs as follows:
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a) The Main Program, which does input and output and calls

RSSR, has been entirely replaced (see tabulation).

b) Subroutine RSSR

No changes.

c) Subroutine ROOTSQ

Changes:

LINE STATEMENT

1+6 IF (KM) 11, 4, 11

11 DO 4 L=1, K M

d) Subroutine REALROOT

rhA:nges:

LINE STATEMENT

11+1 T=2**M*I

Reason: Mixed type arithmetic is not allowed in BRLESC

FORTRAN.

e) Subroutine COMPRCOT

No changes.

f) Subroutine TEST

Changes:

LINE STATEMENT

11 IF (IB(3) - 74) 100, 100, 12

100 IF (IB(3) + 74) 12, 101, 101

18 IF (IB(Z) - 74) 102, 102, 12

103 IF (IB(2) + 74) 12, 103, 103

103+1 IF (IB(3) - 74) 104, 104, 12

104 IF (IB(3) + 74) 12, 105, 105

g,h,i) Subroutines SUBRES, RECON, QUADRIV

No changes.

j) Subroutine DOUBLOG

Changes:

LINE STATEMENT

I PRINT 2

3 To = Ix
3+1 y = A.LOG(x) + To*ALOG(T)
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Reason: Mixed type ar-thmetic is not dlltv ed.

k) Subroutine DOUBLEXP

Cnanges:

LINE STATEMENT

First Z = EXP(X)$IZ = 0

1 Subroutine ADD

Changes:

LINE STATEMENT

10 IF (IDIFF) 11, 12, 11

12 DO 11I = 1, IDIFF

m, n) Subroutines SUBTRACT and SCALE

No changes.

o) Subroutine UNSCALE

Changes:

LINE STATEMENT

First + I IF(IX + 84) 3, 4, 4

4 IF(IX - s4) 5. 5, t

Redson: Maximum size of IX on BRLI SC is 84

o X 1.0 1 , 153

Reason: Maximnm number on BRLESC is 1. 34078E154

0+2 PRINT 7

7 FORMAT (25HOEXP. OVERFLOW IN UNSCALE)

Operating Instructions for the Subroutine POLYR. They are

replaced by:

Entry is made by the statement

CALL POLYR (N. COEFF ROOTS, D)

where

N = Degree of the poivnnal. (A tixed point :nteger.

COEFF = One-dimensional a rrav o length (N+1 ) which contains

the locations of the coufficients.

ROOTS r rwo-dm,-ens tonal array of length (2xN) which contains

the roots.
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D z- One-dimensional array of length (N+1) which contains

the reconstructed polynomial from the roots and the

first coefficients.

The coeffici,nt of the h., ,est degree is stored first,

followed by the remaining coefficients in decreasing order of degree.

Storage

COEFF (1) A
0

COEFF (3) A1

COEFF (3) A2

COEFF (N+1) AN

The results are:
ROOTS (1, 1) Real Part ROOTS (2, 1) Imaginary Part
ROOTS (1, 2) Real Part ROOTS (2, 2) Imaginary Part

ROOTS (1. 3) Real Part ROOTS (Z. 3) Imaginary Part

ROOTS (1, N) Real Part ROOTS (2, N) Imaginary Part

The coefficients of the reconstructed polynomial.

D(1) A0

D(2) A

D(3) A

D(N+1) AN

This subroutine is avai.able on cards only. (See Appendix A)
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Modifications to the Program RSSR. The BRL- SSP. Program

contains the same modiltcations as POLYR with the exception of a

Main Program a hich is retained as sho'. n in Report ANL 0987

with the folloving changes:

LINE STATEMENT

2Il and 3 Cancelled

4 PRINT 2, TITLE

-)+3 Cancelled

10+1

14+1 through 18
19+2"

30+ END

31 through 37-2 Cancelled

Operating Instructions for the BRL-RSSR Piogram. As in

Report ANL 897, p. 73, with the following changes:

a. No change

b. No change

c. Cancelled

d. The first line is changed ,as hows

A .Format E :S. 10

The remaining lines are not changed. Sve Appendix B)

Examnple

The input and outp:t (1 the BRLESC woznp-tations of the roots o, the

verv badly cond'.tioned po lvnomnial

P (x ) = 7 r ) x . - l' ) 7 2 x 32 2 x * t ' I , . 6 X

)I
- 2 I10S4.2x 24 0t, . x - 104h'7,. 0 0

are g'en in A ppet(1ix C.

Ax :.{Ia itv . Co;ni( o; t .:. punched tard decks or POL YR and

R.iSR na v be obtained from S% s tems 1Progr .mmng Branch, Co puter

S ;pport ).visaon.
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APPENDIX A

SI'11tIT INJ P0LY& INvC0EFr ,,'00S,ii)
DIME'NStO-N A(5ls3) ,1A(5I,3,RO)TS(29N ),n)(I)tCOFFF(1) 2
TYP-z MtNT;E UE5'&FE 3
DEGR -F '4 4

5

6
MMAX:15 7
i)ELTA=O.COOI 8

EPSICN~..O~GjJ~9
0D' !1. 1z1N1 10

11

CALL SCALE(A(I,1),IA(!,1)) 13
14 CO0NTPVJE 14

CALL RSSR( A,IA,ROOTS,D)E3REE ,M,MMAX,OELTA,EI'SILON,Q)) 15
IF (N1-C DFAEP+l) )29t29,26 16

26 RETUR'i 17
29 DRINT 3-1 is

30 FGCAi%(21HOSOME ROOTS NDT FCOUND) 19
4[E T U-04 20
END 21

SUtRRCOI)T INF RSSR (A, IA,ROOTSDEGRElF ,M,MMAX,DELT A,EPSION, 0)
DIMESION A151,3),IA( 51,3),ROTS(2,SC.),D(51)0KOM0I)(5O),MR0M0U(5C)I

1NON (5O) ,MNONRTM5)
TYPE INTEGER nESREE
'4=E GRE C
IF (N) itlv3

1 DEG, EF\JNAJR
2 RFTURN
3 N 1 N I

N~i +1
DO 9 =1914
K=42-1I

IF (AIK,1)) 6,4,6
4 J = I- I

RQC' 15(2, J) :*0
5 C 0 -4TI N UF

DEG.4CEmC
GO TO 2

6 N41=K
N:K-1

NC UR N

7 CALL R0k'TSQ (A,IA,NCURP
CALL REALROOT CA, IA,M,NLURL)ELTA,EPSIL~vNR0MV)OMR0MODv
1N0N4T,MN~jNRTvNCC,RC0TS)
IF I~ro) 127j2,p

6 NI-NCUR+l
CALL C0MP'AJ;r (AIA,, MOOR0OYSM,MN0NRT,NONRT,
IMKCMODN4CODELTA,EPSI LON,N4CUR)
IF (NCLJR) 129,2#9

9 IF INL-NCURI) 11911t10
10 NL z', R

GO TC 7
11 M aM,+ I

IF (MMX-M) 1s,7
12 CALL RECON (ROOTSAI1,1),IA(l,1),0,V)EGREE)

GO TO 1



END

SURROLJTINF RQOTSQ (AEANCURMM)
DIMENSI ON Af5 L .3),!A( 51,3)
N I NCuR *
DO I Jzl*N1

IA(Jt2)m21A1J,il

IAI J,3) =C
1 CONTINUE

05 9 mI1im
DO b J=1014
KlxN1-J
K2=J-1
KM=XMPJ0F (K, ,K2)

11 00 4 L.K
LR=AXMC0F(Lv2)
JL-J-L
JLV=JL
IF MLR) 2,2,3

2 X=A(JL,C2)*A(JLP92)
IX I S.CJL,Z )+IA( JLP,2)
CALL SCALF (K,IX)
CALL ADD (ACJ,3),IA(J,3),XIXACJ,3),IA(J,3))

GO TO 4
3 X=ACJL,z)*A(JLP#21

IX=IA(JL,21+IA(JLP,2)
CALL SCALE (X,IX)
CALL SURTRACT (ArJ,3) ,IA(J,3),X,IXtA(J,3)PIA(J,3))

4 CONTINUE

CALL SCALP (AIJ,3bIA(J,3))
XxA J,2 )**2
[IA(J,2)41A(J,2)CALIAC(vX

CALL SALE (XIX3)91I#)XI*I9)1(t
JXMCDF (J92)

IF (JR)5,6

6CONTINUE
I(MM-M) 9,9,7

7DC 6 JnlNl
A(J,2)=A(J,3)
IA(Jt2)=IA(Jt3)
AIJ,3)=Z.O~
IAI J,3 ) =

8 CONTINUE
9 CONTINUE

RE TURN
END

SUBROUTINE AEALROOT CA, IAMNCURDELTAEPSILONROM0DMROMOU,
INONRToMNONRT ,NCC,ROOTS)
DIMENSION A15lt3) ,IA(519,3),R30TS(2#50)#ROMOD(50ObMROMOD(50)9
1NONRT5)MNONRT(50),RATIO(51),IPIV(51),ARED(5O),1ARED(5O)

DC0 4 lz2,NCUR

IIAXMCDFC 1,2) 1
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IF (A(1,3)) 2,192
1 RAT10(l)=C.2?

GC TO 4
2 T=AU1,2)*A(i,2)

CALL SC.AL[ ( T vI TI ~T 1: A ( 1 3)
11=11-IAI 1,3)
IF (11-2) 50,5091

50 IF (11+2) 1,51951

XATS(IIG()-z0
IF (1)-ELA 3, , ,

5 RAIOP1V A(l)

4 7 CONTIINUE
RAT IONCUR+ 1 I1

00 1=2N

58PI( I1

MULT1=MU 1]

IF (JPIV(12)l 8,83,9
9 RCMOD(14)=A(IZ,3)/A(I ,3)

fRaMOD: IA(I 2,3)-fA( 1, )
CALL SCALE (RQM'U14),IROM0U)
IF (RCMOI)(14)) 10,11,11

10 ROMGD(I4)=-KOM0D(14)
I11 CALL O)OURLOG (R:M0D(14)#IROM0D,XNvIXN)

T=2 **M*11
XN =XN/ TI CALL SCALE (XNPIXN)
CALL D0UFRLEXP IXN,IXN,ROMOD(14),IROMOD)I 1IF(IRCMO1)-74 ) 100,100,101

100 IF(IjR"MJ)D+74 ) 101,101,102
101 ROMOD(14)0O.O

I ROMCD-,.
GO TO 103

102 CALL UNSCALE (ROMOO(14)t1ROMOD)
103 MROMODU14)=MULT

IF (NCUR+1-I2) 13913912
12 1=12

14=14+1
MUL 1=0
11=0
GO TO 8

13 (J=C.C
NC 0:0
00 22 1=1914
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KL=14*1-I
W=-ROMODIKLI
15=MRCMOD(KL)
00 20 J=1915

14 CALL TEST (AIA,W,Q,NCUR ,ROMOD(KL),EPSILONK)
IF (K) 17#17,±5

1,5 RO0TSI1,NCtJ:=-W
ROOTS 12 ,NCOR )=0.0
AREL(1) A (1,i)
IAREDI 1 =IA( 1 ,1
DO 16 L=2,NCUR
Y=ARED( L-1 )*W
JY=IAREO(t-1)
CALL SCALF (YvIY)
CALL SUBTIRACT (A(L,1) ,IA(L,1) ,Y,IYARED(L). IAREO(L))
Al L, 1) =ARED L)

16 CONTINUE
GO TO 19

1,7 IF (W) 18#21,ip~
18 w=-U

GO TO 14
19 NCUR=NCUR-1
20 CONTINUE
21GO TO 2,e
21NCClNCO+1
NONRT(NCC)=KL

MNO'.dT(NC0J=I5+1-j
22 CCNTINUE

RETURN

E N~ )I SUBROUTINE COMPROOT (AIAROMOOROCVS,MMN0N'TNONRr,
IMRCMOD,NCO,D)ELTA ,FPSILONNCUR)
DIMzENSICN A(51,l3),IA(5193),ROMOD(5O)tRITS(295O) ,SR'51,3),ISR( 51,3
13,SROMOD(5Ob#SROOTS(2950) ,MNONRT(5OI,NONRTI5O),MSROMOD('50b
2NSCNRT(49),MSNORT(49),MkOMOc(5O),D(2),R(2)BR(49)
DO 23 I1,NCO
JAwNONR Il)
tl=MNONRT( I

2QF ROMCD(M)3t3,

DO 22 Jztlg,L
30CALL SUhRES (A,[ANCUR,SRtISR,Q)

4 NSCURa1
J2=1
GO IC 6

5 NSCURxNCUR-3
101 JZZNSCUR
6 LLxNSCUiR*1

IF (NSCUR-1) 7,799
7 IF ISRtltl)) 8910,8
a XZS~dI1,1) S IXMISR(1,1)

14



CALL UNSCALF (X,Ix)

CALL 1. SCALE (YolY)

N SCLWK =0

9 CALL ROJTSQ (SR,ISRtNSCURM)

CALRE&LROCT (SRvISRMNSCURU)ELTA,EPSIL0N,SRCM0DMSR0MCD,

IF- (J2-N4SCtJR) 1cvICtl1
10 SRCCTSfl,JL'l=LC
11 SROCTS( I,2 )=SROCCTSi ,J- ) *ROjMOU JA)

r=RlcMOMIJA)+ROMC D(JA)
IF (SROuTS(.,J2)-T) 12,i6,16

12 W=SROCTS(1,JZ)

WE= ROMD( J A *R0i0Df( JA)
CALL TEST C A, A, WWF,NCUJ,R0M0D(JA) ,FPSILON,K)

IF MK 15,15,13
13 R0OTS(1,'JC0R)=-W/2.0

f40WE
u=W*W
T=T-U
IF (T) 201t201,202

201 T=-f
UL)SURT CMt
RO^TS(1,NO'UR)=R,2cTS(1,N'OUR)-U/2.0
ROOTS(l,NCUR-j)=-(4-U)/2.0
ROCTS(2 ,'JCUR)=0.C,,
R0CTS(2,NCUR-1 )=0s0
GO TO 2J4

202 U=DSQRT(T)
203 Rci3TSf2,NCUR)=U/2.'V

ROOTS( 1*'CUR-'1 )=Rt)TS(1,NCUI)
ROCTS(2,4CUR-L)=-RO1S(2,NCUR)

204 D(1)=W
DC 2) =WE
CALL OUADIV (NCkURqAIA,~vDvB)
JX=NCUR- 1
0O j14 JY='49JX
A( JY,1):IB(JY)
IACJY91)=C
CALL SCALE (AC JY911,IA(JY,lfl

14 CON~TINUE
NCCJRzNCUR-2
GO TO 22

15 Wz-W
CALL TEST (AIAW,WEN'UR,RMOV(JA),EPSILONK)
IF (K.) 16916v13

16 IF CJ2-INSCUR+1)) 23917919
17 IF (J2-1) 23ti3tlB
18 J2=J2-1

SROOTSI1,J2)zO.0
GO 10 12

19 IF (SR~uTS(1,J2)-SR3OTS(l#J2-M) 20#21,20
20 J2-J2-1

GO TO 11
21 J4'=J?-l

GO T0 16
22 CONTINUEh
23 CONTINUE
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RUTURN
END

SUBROUTINE TEST fA, IAW,fN9ROMODLPSILCNqK)
DIMFNSION A(51,3) ,1A15'13)tB(3), IB(3),TCZ~bEIZ~CI51)
8(1 )=o.Os X=0$Ihw=o

DO 2 110
X=W*B ( 2)

CALL SCALE 1X#IX)
Y=Q*g (1I)
I y a1911)
CALL SCALE CY,IY)
CALL ADO (X,IXY,[Y,1,!I)
CALL SUBTRACT C+,),AI+,Z,,(3,11)
IF (N-I) 2,2,1

1 B(,)=(2)
B ( 2~ ) =P( 3)
BCi2=183)

2 CCNTINUIE
3 KONT=lI CEPSILxEPSILON

X=2.O*EPSILON
Y *R CM GO
El )zROMOD+Y
El 2) =R0MOO+CEPSI L*ROMCD
DO 7 !1101
IF (A(1,1)) 4,5,5

4 CII )zA(I,l)S1C=IA(I,1)
GO TO 6

6 CALL UNSCALE kC(I),1C)
T(l )xTI )*Ff ,)+C I)
T12)=TIZ)*E12)+C( I)

7 CICNTINUE
01F aT (I 3- T12

8 IF 10) 18*9,IH
9 IF IS(3) 1,).tll

10 8(3)2-8(1
11 IF (1913)-74 ) 100,100,12

100 IF (18(33+74 ) 12,131,11
101 CALL UNSCALE 48(3',18(3))

IF IOIF-PI3) 12,12,17
12 Kz0

IF (KOUNT-2) 13,16916
13 IF (Q) 15,14915
14 IF (W) 159169,L6
15 SE14SF LIGHT 2

KOUNi rtKOIJPNT* 1
16 RETURN
17 Kul

GO TO 16
18 IF (1812)-74 ) 102,102912

102 IF 1I8C2)+74 ) 12,1039103
16



103 CALL UNSCALt- fi(?hIR(2)
IF ([P(3)-74 104,104,-L2

104 IF ((R(3)474 )12,105,135 .

105 CALL UNSCALL (8(3?b[P13)

Y=W*R (2)*H(3)
Z=D3(3) *R(3)

IF (Y) 19,17,20
19) Y=-Y
20 L) IF=0 IF*.) IF

IF (01F-Y) i2,17,17
END)

SUR4.3UTIlF StJARFS (A, IA,NqS~ I SR,ROMOU)

NI =N+ 1

DO .I =1,

T=T*RCMOD
C( J) =Al(JtI) *1

CALL UNSCALE (C(J),IC)
1 CONTINUF

C(N!W=A(Nltl)
[C=IA(NI, A)
CALL UNSCALE (C(41ih IC)
IF- (N-2) 12,1292

2 N2=N-2
W2 3 1 .N2

3 CONTINUE

D0 5 J=2,42

5 CONTINUE
IF ('1-(3+1)1, 100,6,b

6 1 =I #1
U 7 J:l,Wj
8( J,1) :13]J,2)

7 CONTINL
f;C T ",4

100 IF (N-41 14,101,8
101 IF (N-12sI)) 104,102,102
102 1:1+l

00 103J=,
8(J,1)zA(J,2)

S( J .2) =A( J,3)
103 CONr INuE

GC rc 4
134 B( 3,3) z-R( 2,2 I

SR(31)~C(5*Bh,3)S ISR43tl)z3
S ISR(2,1):aO

SN.U,,l)=R(1v3) $ ISR(lol)sO
CALL SCALr (5R(l,l),ISR(1,1))
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<1 CALL SCALE (SRC291lbISR129l))
CALL SCALE (SR1391h!1SRC3,1))
GO TO 11

8 SRCN,11)=C(N)-HCI,3) S ISRIN2911)0
* SRCN2-1t1)z-C(Nl )-RCZ,3) $ ISR(N2-l9l)20
* CAVL SCALE CSR(N2,IbJISR(N2v1))5 CALL SCALE fSR(N2-1,1), ISR(N2-L't1))

IF (142-21 11,11,9

9 00 10 J=30N2
W KxN2+1-J

SRCK,flz-RCJ,3I S lSR(K,1)=C'
CALL SCA~LE (SR(K,1)#ISRIK,1))

10 CONTINUE
1,1 RETUiAN

SRC2,1)z-C(2) S ISR(2,1ixO
13 CALL SCALE (SRC1,1)fIsR(L11)

CALL SCALE (SiR(2*1)t1SR(291))
GC TO 11

14 SRI 1,1I=-CC4)

SR(2,1 I :C(3)-C (1)t IS R 21 I) w
Gr TC 13
END

SUBROUTINE IREC0O (0O0TSA, IADvN)
DIMENSION ROOTS(2950) ,D(51)
X =A SI X z I A
CALL UNSCALE CXIX)
DO i Iz=,0

ICNTINUE

NL=N-j
2 IF CROOJSC2,I)) 3,7,3
3 rsR^.TS( 1,! J*ROOTS( 1,I)

Uz2.O*R00TSi , I)
jJQ 5 JuiNL

IF (IJ-N) 5,4,4
4 DEjIUOC J+2)*T*DC J)

OJJ20DJ)-U*DCJ'1)
5 CJNTINUE

0(N) uO(N)-U*DIN*1)

6 IF (N-I) 10,2,2
? UG 9 jolt%4

IF IJ+t-N4) 9#9#1
9 OCJ)&D(J#1)-DCjI*ROOTSC 1,1)
9 CONTINUE

DC N#1) -U N.1) *ROOTSC 1, I)

GO 1:) 6
10 NS-N*1

00 11 11-19NS
18



RF rURN 1 *

END

SUPRCUTINF QJLIADIV (NAq1AtR,DD)
DIMFNSI:N A(51, 'IA(51,31P112J,D12J,R(4))

CALIL LJNSC %LF (R 18 Ji

1 AA=A(2,j)$lAA=1A(2,)
CALL INSCALF (AA,IAA)

IF (N-3) 4,4,2
2 NT=N-1

DO 3 1 -,N14T

X100~ (1 - i *D) (2)

CALL !NSCALE (AA,IAA)
8(1 )zAA-(XN*YNl)

3 CCNTINUF
4 XN=9(N-l)*D(1)

YN:H( Y-C ) *02)

CALL LNSCALE (AAAA)
R C 1 AA-IX N*YN)
AA= A IN41, 1 )&~IAA IA IN* 1,1 1
CALL UNSCALF (A4,IAA)
R(2)zAA-R(N-1 1*Pl2)
RE TURN
ENO

SUBRM1T I N LuCORL CG X ,I X, Y, I Y
rlb4.0
II- (X)1,5,3

I PR 1N T 2
2 FCRUAt (46HCT14E LOG 3F A N4JN-PZ;SITIVE NIJMBFII IS REQUESTED)

5 YsC.O
I y -

GO TO
3 TC". Ei

Ys ALlG(X T0* AL OIT)

I y 2
CALL SCALF tV,1v)

'. RETUR14

FNO

%uPROUTINF )CURLFXP IXtxIliII
.- EXPIXISIlaQI IF 4IX) 191%,6

2 11211 ,

lzb'..C*l
3 1I I / 2

12DOR TI?)
CALL SCALE 41,11)

19



4 CON ItINUI
5 RETURN
6 Iz6*IX

00 7 Jul.!

ZALL SCALE (111z)
7 CONTINUE

8 CALL SCAIF- 1lIZ)
GO TC 5
END

SUPROUTINF ADDO (X,IX,Yt,L,)
IF MX 3,193

I Jay
UglIy

2 RETURN
3 IF (Y) 5,495
4 lzX

IL*IX
GC TO 2

5 IOIFFaIX-IY

IF (101FF) 607,7

6C ICI

7 IAsIX
Aa X

8 IF (16-IDIFF) 9o',,1
9 ZmA

11. IA

10 IF(IDIFF) liot2ili
11 DC i2 Ixl,IDIFF

800/64.0
12 COIINUE

CALL SCALC ILIl)

END

UPICUTINF SURTRACT (XIIX,YoIY9l, IL)I a CALL £01) IX,1XqhIY,1,Il)
RETUR1N

SUB-40UTINIL SICALF IE.IX)
TYPE OOU0LE X,Y

IF IX) tell,?

GO TO 3

4 YoY/64.C IF (6.0-Y)4,5,



I xzI X~l
Cu T) 3

5 IF (Y-RCC64) 6979 7

6 Y=Y*b4.OC
I x x- I
C, L) 5

7 IFI- IX)
8 x-

GO F?'L
9 Kzy

10 iRURN
11 Ix= D

GO TO 1~
I.~ N 0

I F hX + -4 )As.4
3 X =C.

GOTO 2
4 I F IIX-54 59596

7 F31P44T ( ?5H)EXP. EF.w 1 NCL

5 IF (IX) 1,2#1

2 RETUJRN
EN~D



APPENDIX B

* C-907 FINDING ZEROS OF REAL PCLY'4CM[ALS
C MAIN PR%,'RAM
C DOES INPUT AND UTPIJT# AND CALLS RSSR

TYPE INfFG-K UEGRFE
1 READ 7, TITLE~

2 OMAT 'kOAS)
4 PRINT 2, TITLE
5 FORMAT (IH191 AR)

READ 6, DE;RFE ,MPMAX,0ELTA,FPS ILON
6 FORMAT M~6,2EI?.4,'

IF (M) 7, ,,
7 M=10

MMA X=1~5
DEL TA=0.00C,
EPSILCN=Q. C'U3

8 PRIN4T 9, DEGRFE,MsMMAXqDELIA,EPSIL^CN
9 FCKMAT (3lHOD1GRE=I3,1711 NO. OF MOM ' S~[39?H MMAXm!,/
17H DELTA=E12 .3910H EPSILON=E12.3)
NI=DEGREF+1
PRINT V-

10 FORMAT (19H.)IIPUT COEFFICIENTS)
11' DO 1.4 I=itNl

READ 12( x
12 FORMAT (E18.0O)

AI ,1)=X

PR IN T 13, J,X
13 FORMAT f3HCA(I2,3HV= IPE18.10)

CALL SCALE (A(I,l),IA(I,1))
14 CONTINUE
19 N2=DEGREF

CALL RSSR (A, IA,RCOTS,DI-GREEMMMAX,DELTA,E-PSIL3N,D)
20 IF (N1-(DFGREE+W) 29929,21
21 PRINT Z2
22 FORMAT f 4HCROOTS OF THE POLYN.,FIAL)

PkINT 23
23 FORMAT (2-RELPART IMAGINARY PART)

K=DEGkEE*1
030 25 I=K,Ni
X=ROOTS( 1,1)
Y=ROCTS (2*1)

-PRINT 24tX,Y
24 FORMAT (1li0PE24.15,1PE26.15)
25 CONTINUE

IF (I)EGREF) 26,2t,29

26 PRINT 47
27 FO~RMAT (25HORECONSTRUCTED POLYNOMIAL)

DO 28i I=1,N1

PRI1N T 13 9 J ,X
28 CONTINUE

GO TO 1
29 PRINT 3C
30 FORMAT (21HLS MF ROCTS NOT F31JND)

GO TO 1
ENO
SUPROUTINF RSSR (A, IA,ROOTSDEGREE,'immAx~flELTAEPSILONtD)
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01 M ENS ION A 151, 3) I A( 51 3),RCC TS( 2,d 50 1)51) ,R CD 5C' ,iRGM0UD
lNCoNRT(5J)) ,ffiNCRr (50)

TYPE INtFGER UE^PREE

IF (N) i,,,3
I DEGRFE=NCUq~
2 RETURN
3 Nl=N.1

00 5 [Z14
K N2~- I
IF (AEK,!fl 4,4,6

4 J=Nl-l
R0CCTS( 1,J)=C,.c
ROOTIS( 2, J )=C.C

5 CONTINJUE
DEGRFtz
GO TO 2

6 NA' =K
N=K- 1
NC UR =N
NL ZN

7 CALL ROCTSO (A,IA,NCUR,M)
CALL REALROOT (A, IAMNCUR,DFLTA,EPSILC4,RcMCOPRCM)D,

lNONRT,MN)NRT,NCZ ,RO0TS)
IF (N4CO) 129,2,P

& N1=NCLJR41
CALL COMPR.OOT (A,! A,aCM3D9RC TS,M,MN0NRT ,NZNRT,
.MROMOD,NCO,OFELTACPSI LON,NJCUR)
IF (NCUk) '.i2,9

9 IF INL-NCUR) 11,11,IC
10 NL=NCLJR

GO TO?7
11 MzM+1

IF (MMAX-M) :,7t7
12 CALL RECON (RCCTS,A(1,1),IA(1,1),DV)EGREE)

GO TO 1
END

SUBROUTINE ROCTSO (AIA,NCUR,MM)
OIMENSICN A(51,I) ,IA(51,3)
Nl=NCUR!.
0,; 1 J=I,N1
A(J,2)zA(J,I)
IA(J#2)Z!A(Jol)

A(J#31zO.O
IAJ, 3)=

CONTINUE
oC 9 P=I,MM
DO 6 Jil,Nl
K1aN1-J
K2zJ-1
KMu'XMINOF(Ki,K2)

11 DO 4 Lz.,KM
LRaXMODFCL, )
Ji J-L
JLP=J+L
IF (LA) 2,203

2 XZ-A(J)L,2 )*A(JLP,2)
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IX=iA(JL,?)4IA(JLP,2
CALL SCALP !X,IX)
-ALL Aiu (AfJ,3) ,IA(j,3) ,x,jx,4(j,3,),I(J 1

G O TO'1 4
3 X=A C .L 2) *A(JLP,2)

IX=IA(JLte )+IA(JLP,2)
CALL SCAL; (X,IX)
CALL S(L TR CT (A(J,3) ,IA(J,3) ,X,I~,A(J,3) ,IA(Ji))

4 CON I IU';

CALL SCALF IA(J,3),IA(J,3))
X=A(CJ,2) **2

C-ALL SCALE (X,IX)
CALL ADD (ALJ,3) ,IACJ,3) ,X,IX,AIJ,3,IA(J,3))
JR=X,"CDF ( J,2)
IF (Jk) -7,5,6

5 A(Jt3)=-A(J,3)
6 CON I INUE

I F ("Fv-M) 9, 9, 7
7 D,,~ J=&,Nl

A J#, 2) =A(J, 3)
IA(J,?)=!A(J,-))
At J,3)=L.
I A( J9 3 ) =

8 CONTINUE
9 CONTINUE

RF TURN
END

SURROUTINE R.EALRC'OT (A,IA,M,NCUR,ELTA,EPSLtCt,MMQ'-'J,~
INNT ,;WY42R T ,NCO v ROOTS )
OIMENSICON A151,3),TA(51,3),ROOTS(2,O),M00t50),MROf D(5,

RATIO (1) =I.C
DC 4 I=2,NCUR

IF (Al 1,3)) 2,1,2
1 RATIC'(I=GC)

GO 0 4
2 T=A(I,2i*A(I,t )

CALL SCALE (T,IT)
TzT/At j 3)
I T =I T-IA( 1 3)
IF (IT-2) 50,50,1

50 IF (TT2) 1,51,51
51 CALL IJNSCALE tT)

RATIO( I )=T
IF (11) 3,3,4

3 RATIC(J)=-RATIO(I)
4 CONTINUE

RAT I2(NCIR.W,=l*
I pI v (I ) "-1
IPIV(NCUR*1 ki
DO 7 1=2tNCJR
X=ABSFt RAT lC4I)-l.0)
IF (X-DELTA) 5,6,6

5 IP IV (I ) =
GO TO 7
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6 IPIVI(1k0o
7 CON - ' W

NCU R1 1 UR+ I
11-0

1 1

8 11 11+ I
12 11 + I
MUL T=MUL T+ I
IF (IPIV(12)) q,8v9

9 R0MOf I4) =A(1 2,3)/a (1#3)
IKOMOlIA( 12,3)-IA(1,23
CALL SCALF (RCMf)l14),IIOMO.7,
IF (qCMCDtI4)) 109U1i1

10 RCMCU)(14)=-RCMOfl(14)
11 CALL D'3UFLOG (R MV'D(I4),IR0M0DXN,IXN)

T=2 **M* 1
XN= XN/T
CALL SCALE (XN9IXN)
CALL OURLEXP (XN,IXNR0MO(14)9IRMOD)
IF(IR0MGI)-74 ) l0.IOlC,jO1

100 IFIIROMOD+74 ) 1O1,101,102
101 ROMOOI14)=O.C

GG TO 103I102 CALL UNSCALE (ROMOD(14)*IROMOD)
103 MRCMD(II-)=M(JLT

IF (NCUR+1-12) 13,13912
12 1 =12

14*14+1
MUL T=C

GO TO 8~

13 0-0.0
NCCxC
00 22 1=1914

W=-ROMOD(KL)
15=MROVMOD(KL)
00 20 J=1915

14 CALL TEST IA,IA,W,09,NCURROMOU(KLIEPSILONK)
1IF (K) 17,17915
15R00T S I1, NCUR) -W

*ROO T S(2,9NCIJR) =000
AREL)(1) sA(19l)
[ARED(1)zIA(lil)
00 l6 L*ZvNCUR
Y=ARED(L-1)*W
lYsIAREL)(L-1)
CALL SCALE (YIY)
CALL SUBTRACT (A(L,1J ,IA(L,1),YIY,ARE)(L),IAPEnlIL) i

* A(L,1)aAREO(L)

16 CONTINUJE

17 IF IWI 18,21,21
18 W=--W

Go ro 14 2
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19 NCIR =NC OR-I
20 CON T INUE

GO TO 22
21 NCC=NCO4i

NONRT1(NCO)3 KL
MN0NRT(N4CC)=I5+.-j

22 CONTINUE
RETUQN
FND'

SU[BROUT P E COMPROOT (A vI AtROM 3D, 'C rS,M,MNqW APT,NR T,

'MROMCVNC 'O,OELTAEPSILON,N'CUk)

)SROMCI)( 0), SCOTS (2 5 ) MJNT ( 5C),NO T( 5., V.SROMCKU

JA = 1ONRT II)
ll=MNL2NRTUl)

IF (11)UR1) 7,7,

2 IF (RM1,1J)) ,O,.3

DcS 2~ J $I IY (?1

30CALL SURSL (,IYJURSS~(,

4NSCUR:C

GC rc 6

10 CALL RCTS SSRNCRM
CLL NCRAL' SS.MNURLTSLCR.MfVS.3

IF (J2SU-) 17,,1
7 I S RT(l,J))=C.Q,
81 XSRC,S) SROIS(l,J)RMOJA

Y=SRM(sJ-) S IY=M0(2olJ)

IAL UNO2SAF(iJ?)) 2 ,j
12WSHOTS(1.J23Y/

CALL REALR" 'AIA.WWFNSUR,MJOJA3EPSIL)N4,K).M^~MS !,0

IF (K.)SUR 115,15,i3
13 SkOCTS(1,NCU2z-W.C

IF (T) OCL,2Cij202)'2961
12 WzRO0TSlt27

W~mk0.GU(J)*kQMD(JA



201 Tx-T
LJDORT IT)
ROCTS(I1NCUR)=lCTS(lNIJR-IJ/2.o(
R0TS(1tNCUR-A'j=-(W-U)/2.O
ROCTS(2 ,NCIJR)=0.G
ROCJTS(29NCIIR 1=0. 0
GO TC 204

202 U-DSQITTI T
203 iROCTS(2,NCUR)=ti/2*O

RCOTS( 1. NCUR-1 ) ROOTS 11,NCUR)
ROOTS(2,NCIJR-1)=-ROCTS(2,NCJR)

204 D( '.) =w
012)=WE
CALL QUAOIV (NCIIR#A,IA,R,09B)
JX=NCUR-:
DO 14 jYItjX
A(JY#1)=R( JY)
I AI J Y 91 ) 3
CALL SCALE (A(JY,1)91A(JY,1))

14 CONTINUE
IC UR =N C (J-?

GO Tri 22
15 Wa-W

CALL TEST (A, IA,WtWENCURRGMOU(JA),EPSILON,K)
ll- (K) li1bvl3

16 IF IJ2-(NSCUR+1)) 23,17,19
17 IF (J-l) 23923#11
18 J2=j2-1

SROOTS(l9 J? 3=0.0
GO TO 12

19 IF (SROCTSCLJ2)-SROTS(1,J2-1)) 2C,21,fl
20 J2=J2-1

GO TO 11
21 J2zJ?-1

GO TO 16
22 CONTINUE
23 CONTINUF

RETURNA

8(1 )uc.CtIXuCII~wx0

IBI1)2AI9

IRE 2 3 mA( 1,1.1 00 2 ja1,N
MOW*O(2)

CALL SCALE (X#IX)
YSQ*Bl( 1
IYUII8(1)
CALL SCALE IYoIY)
ALL ADO IK,IEyIytlIl)

CALL SUBTRACTIAI11,IfI1),IlR) I()
IF (N-I) ,,

IRE l)-IB(2)
B(2)x61 3)
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2 CONTINIJF
3 KC(JNTIl

CEPSI L=1PSI LCN

Nl=N+l
XE,".O*EPSILON
Y=X*RCMCD
E(l)=3 RCM~lfD.Y
E (2) =R0MloD+CFPSI L*R0M0-D

IF (A(I,1)) 495,,5I 4 CI) =-A (I, l.6ilC> IA (1,1)
G C 10 6

5 0(1 )=A(I,1)SIC=IA(I,1 3
6 CALL IJNSCAL(F (C(13,IC)

1(2) =T (23*E I 2 +C(I)

7 C2NTINUE

D1F=T(l1)-rTI23

1IF (1P13)-7" ) 100,10C,11

100 IF (IP(3)+74 112,101,1-,'!
101 CALL INSCALF (H13),IB(3))

IF (DIF-R(3)) 1?,12,17
12 K=0

IF (KOUNT7-2) 43,16,16
13 IF (Q) ',14v-.5
14 IF 1W) L5,.'fJIb
15 SENSF LI HT 2

KOUN1=KOUNT+l
1b RLTURN
17 K=j

18 IF (ItPi2)-74 ) lC?,10?,.Z
102 IF (I1(3)74 )3129103,103
103 CALL LNSCALE (B(2)9[R(2))

IF ([R(3)-74 ) 1C4,104,12
104 IF (IR(33t7. ) 12,105,1:5
105 OALL UNSCALF (R(33,IH(3)I

X=Q*0(2 3 R I2 3
Y=W*f 2 3*1)( 33
l=K(3)*B( 33

IF (Y) 19,17o,20
19 Y'-y
20 DlFID)IF*OIF

I F (1) 1F-Y J 12,17 4 7
END

SUB8RC1JT , SUBRF S 14,1A ,-N, SR, I Sk, C MOU)
DIMENSI ,1'4 A(5103,PIA(5193) .S,(51,33 ISR(51,33,C(51)r1(5y 93)

Nj 2'4+ 1
T* I. C
0.. 1 Is"

T=T*RCMuP
C(JI-A(J,1)*T
IL'I A IJ, 1)
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CALL UNSCALE (C(j),IC)
1CONTINUE

[CI[A(Nl, 1)
CALL LJNSCALF I(Ic
IF (N-2) 162.1Z,2
2 =N-2
DO 3 1=1,N2

3 CONTINUE
142

BII,2)=CII) ,j-( ql

5 CONTINUE
IF (N-(3*Ifl 13C,6,6

6 1a*l
DO 7 Jxl,-qZ

7 CCNTINUE
GO TC 4

100 IF (N-4) 1410,
101 IF (N-(2+1)) 104,132,1O2
102 I+

Dc 103 J*192

Bt2B(J, 3)
103 CONTINUI

GO t . 4
104 8f3,3)x-P12,2)

SR(3,l)*-Cl51,8( 193)

FSRl(1)-813931 S ISR111fl3
CALL SCALE 1R,)i~,)
CALL SCALE fSRl2,1),ISa.f291 ))CALL SCALF (SR(l,l)#tSR(3 91))
GO TO 11

8 SR('42,1)vC(N,-Rf:,3) i ISRINZ,1)-C
SR42-1,U--CIN)8R(2, 3 ) S ISRIN2-lol)u,
CALL SCALE (SR(N2,j)ISltN2,1))
CALL SCALE lSR(%2-1,1 )*ISR(N2-L,: ))

I(N2-2) 11,11,9

SR(K,1)s-R(Jt3Jp I SR(K*I,~m0
CALL SCALE lSb&K,1),ISRlK,1))

10 CCNrINUE
11 REtUJRN

12 ~'(,1)C(~ IISRI1,1)uo
13 CALL SCAIV (SRfI,JS~(1,,)

CALL SCALE4R~,)IR1.)
GO TO 11

SR('IZ. mCI 3)-C Ii)

ISR (2,1 3 0__ 
_ ___ 
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TO C 13
END

S U fjRGU T N R FC 0N ( R T S A ,I A UN)

CALL UNSCALE ( X,IX)

1CONTINOE

NL=N-i
IF (POrj0S(',r) -4,7.3

3 TRCCTS( 2,1)*R2?GTS(2, I)

JC 5 J-.,#NL

IF (I+J-N) 53,4
4 D(J) =01J+-)3,T*J( J)

04 J )=l( J -U*C0( ill
5 CONTINUE

Il z I + ) 2 N3-JU4~.1

6 IF (N-1) '10,2,11
7 C 0 9 Jc N~

IF (J[N
8 U(J)=(0(J,13-D(J3.R0:'TS(,I)
9 C0T.TIN'tJr

GC V( 6
10 NS=N.1

lJO 11 = 10S

RE T UJPN

SUPR%;LTI4F ;;IIADIV (NAv IA,R*09P)

CALL tJN'CALI t~il41I)

CALL UNSCALE (Ak,IAA)
A(2 aAA-R(!:)*0( 1)
IF (N-31 4,4,Z

N T - 4-k '(1
YoaB I-fv 3 '4

AAxAII,I35]AA:IAII,3)
CALL (INVIALE IAA,IAA)
8( I)xAA-(XE*VNA)

3 CONrINM
4 XN~fH(N-:.10(1~)



YNR I N-2 1 1)(2?

CALL UNSCALE (AAtfAA)
RI I)zAA-( EN*YN)
AA*A(N41,1)$IAA=[AINI, H
CALL UNSCALE IAAtIAA)
R(2)sAA-RIN-1).D(2)
RFTURN

SUPROUTINF DCU(BLCG (E.IXtYtIY)

IF MX19593
I PRINT 2
2 FORMAT (46HCrTE LCG tF A NCN-RCSIr1vt-vN)MBFR IS RClET,
5 YaC.0

IYMC
GC TO 4

3 TO=[X$
YzAL0GE XI.T.)*ALOG T)

CALL SCALE (YIY)
4 RETURN

ENL)

SUBEROUTINE UCURLEXP (XIXtitll)
Zu EXP(X)slIsC
IF (IX) 1,P,,6
[ a-IXSII&60I

KuXMOI)F( IZ,2)
IF (K) 2,3vi

3 llsI1/2
LUOSCRYI lI
CALL SCAIF 11,11)

4 CONTINiUE
5 RErTURN
6 tIe,*IX

* OC 7 Jal,j

CALL SCALF ti.11)
7 CONTINUE

Go TC 5
6 CALL SCALF floll)

GC tC 5
END

SURUIN U (E.*IXtyIlvls)

Jay

2 EURN

IL I x
GO TC 2

iFF-IX-Irff,
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I nI FF -rF~

G;O rc p
7 1IA =IX

A X
H Y

8 IF (~IOIFFI9)4
9 L zA

G0 10 2
10 IF(IDI0FF I 1~,1~2911
11 DC I D 1,IIF F

R = P4. C
12 C ONT I NU

CALL SCALF (1,11)
cC (C 2

CA~LL ADD lX,IX,WIVZ,I1)

rYPr7 L.vkiHLf- X,Y

I F x 1 i,11 ,

2 Y X
3 1F ( P) >- Y) 4
4 Y Y / b 4

5 IF AY-M"t-L4) bt"7,l
.5 y~y*p64.

I x T I x- I
T. c 5

7 IF I X) A
A E:-Y

CC tC 1C

10 FRTUP. P

S~ U 0( 1 N NSC

I F IIx*.j' 1 3@4t4
3 xz*

6 X it1 . C.1
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PRINT 7
7 FORMAT (25H .EXP, i'VFRFLO-W IN LJNpSrALE)

GO TO 2
5 IF (IX) 1,2,1
I XxX*64.0**IX
8 1x =0
2RETURN
FN D

E
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APPENDIXC

INPUT

t EXAMPLE I
6 2C 2C 1,000E-4 1*COOFE6

7056.I -51072.
22559.36
661360,64

-2101084.2
2490369,

-1048576.

OUTPUT

EXAMPLE 1
DEGREE= 6 NO. OF ROOT SQ= 20 MMAXz 20
DELTA= O.IOE-03 EPSILON= 0.IOOE-O5

INPUT COEFFICIENTS

A( 0)= 7oC'5601'COF 03

AC 1)= -5.1072C0CCCCF 04

A( 2zh 2,255936COCOE 04

A( 3)= 6.6136064 :CCE 05

AC 4)= -Z.1OCB42GCCF 06

A( 5)= 2,49C368COC0F 06

AC 6)= -'&*O485760CF 06

ROOTS OF THE POLYNOMIAL

tREAL PART IMAGINARY PART

-3*99968751C 94593E 00 O.OOCOOOOOOOOOOOOE 00

3.99874995731420EE 00 O.OOOOOOCCOOOOOOE 30

2*205716169209613E 00 O.000000000000000E 00

2*285716169209813E 00 O.OOCOOOOOOOCOOOOE 00

19357365320213065E 00 O.OOOOOOCOOCOOOOOE 00

1.310236461141304E 00 O.000000C00000000E 00
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OUTPUT

RECONSTRUCTED POLYNOMIAL

A( 0)1a 7.05600000C0E 03

At 1)m -5,1O12C09377E 04

At 2)z 2,25593850O4F 04

At 3)z 6,6136177332F 05

A( 4)z -2,1010046001E 06

A( S)w 2,49036e2667E 06

A( 6)u -1.048576CCC0E 06
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